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Abstract

Differential subordination and superordination results are obtained for analytic functions in the

open unit disk which are associated with the Dziok–Srivastava linear operator. These results are

obtained by investigating appropriate classes of admissible functions. Sandwich-type results are also

obtained.

& 2010 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Let HðUÞ be the class of functions analytic in U :¼ fz 2 C : jzjo1g and H½a; n� be the
subclass of HðUÞ consisting of functions of the form f ðzÞ ¼ aþ anzn þ anþ1znþ1 þ � � �, with
H0 � H½0; 1� and H � H½1; 1�. Let An denote the class of all analytic functions of the form

f ðzÞ ¼ zn þ
X1

k¼nþ1

akzk ðz 2 UÞ ð1:1Þ
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and let A1 :¼ A. Let f and F be members of HðUÞ. The function f is said to be subordinate

to F, or F is said to be superordinate to f, if there exists a function w(z) analytic in U with
w(0)=0 and jwðzÞjo1 ðz 2 UÞ, such that f(z)=F(w(z)). In such a case we write f ðzÞ!F ðzÞ.
If F is univalent, then f!F if and only if f(0)=F(0) and f ðUÞ � F ðUÞ. For two functions f

given by Eq. (1.1) and gðzÞ ¼ zn þ
P1

k¼nþ1 bkzk, the Hadamard product (or convolution) of
f and g is defined by

ðf � gÞðzÞ :¼ zn þ
X1

k¼nþ1

akbkzk ¼: ðg � f ÞðzÞ: ð1:2Þ

For aj 2 C (j=1,2,y,l) and bj 2 C\f0;�1;�2; . . .g (j=1,2,y,m), the generalized hypergeo-

metric function lFmða1; . . . ; al ; b1; . . . ;bm; zÞ is defined by the infinite series

lFmða1; . . . ; al ; b1; . . . ; bm; zÞ :¼
X1
k¼0

ða1Þk . . . ðalÞk

ðb1Þk . . . ðbmÞk

zk

k!
ðlrmþ 1; l;m 2 N0 :¼ f0; 1; 2; . . .gÞ;

where (a)k is the Pochhammer symbol defined by

ðaÞk :¼
Gðaþ kÞ

GðaÞ
¼

1 ðk ¼ 0Þ;

aðaþ 1Þðaþ 2Þ . . . ðaþ k�1Þ ðk 2 N :¼ f1; 2; 3 . . .gÞ:

(

Corresponding to the function hnða1; . . . ; al ; b1; . . . ; bm; zÞ :¼ zn
lFmða1; . . . ; al ; b1; . . . ;bm; zÞ,

the Dziok–Srivastava operator [12] (see also [22]) H ðl;mÞn ða1; . . . ; al ; b1; . . . ; bmÞ : An-An is
defined by the Hadamard product

H ðl;mÞn ða1; . . . ; al ; b1; . . . ;bmÞf ðzÞ :¼ hnða1; . . . ; al ;b1; . . . ; bm; zÞ � f ðzÞ

¼ zn þ
X1

k¼nþ1

ða1Þk�n . . . ðalÞk�n

ðb1Þk�n . . . ðbmÞk�n

akzk

ðk�nÞ!
: ð1:3Þ

For brevity, we write

Hl;m
n ½a1�f ðzÞ :¼ H ðl;mÞn ða1; . . . ; al ; b1; . . . ; bmÞf ðzÞ:

Special cases of the Dziok–Srivastava linear operator include the Hohlov linear operator
[13], the Carlson–Shaffer linear operator [11], the Ruscheweyh derivative operator [21], the
generalized Bernardi–Libera–Livingston linear integral operator [10,15,16] and the
Srivastava–Owa fractional derivative operator [19,20]. See also [23] for a related operator.

We need the following definitions and theorems.

Definition 1.1 (Miller and Mocanu [17, Definition 2.2b, p. 21]). Denote by Q the set of all
functions q that are analytic and injective on U \EðqÞ where

EðqÞ ¼ z 2 @U : lim
z-z

qðzÞ ¼ 1

� �
;

and are such that q0ðzÞa0 for z 2 @U\EðqÞ. Further let the subclass of Q for which q(0)=a

be denoted by QðaÞ, Qð0Þ � Q0 and Qð1Þ � Q1.

Definition 1.2 (Miller and Mocanu [17, Definition 2.3a, p. 27]). Let O be a set in C, q 2 Q
and n be a positive integer. The class of admissible functions Cn½O; q� consists of
those functions c : C3

�U-C that satisfy the admissibility condition cðr; s; t; zÞ =2 O
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whenever r ¼ qðzÞ, s ¼ kzq0ðzÞ, and

Re
t

s
þ 1

n o
ZkRe

zq00ðzÞ
q0ðzÞ

þ 1

� �
;

z 2 U , z 2 @U\EðqÞ and kZn. We write C1½O; q� as C½O; q�.

In particular when qðzÞ ¼MðMzþ aÞ=ðM þ azÞ, with M40 and jajoM, then
qðUÞ ¼ UM :¼ fw : jwjoMg, q(0)=a, EðqÞ ¼ | and q 2 Q. In this case, we set
Cn½O;M; a� :¼ Cn½O; q�, and in the special case when the set O ¼ UM , the class is simply
denoted by Cn½M; a�.

Definition 1.3 (Miller and Mocanu [18, Definition 3, p. 817]). Let O be a set in C, q 2

H½a; n� with q0ðzÞa0. The class of admissible functions C0n½O; q� consists of those functions
c : C3

�U-C that satisfy the admissibility condition cðr; s; t; zÞ 2 O whenever r=q(z),
s ¼ zq0ðzÞ=m, and

Re
t

s
þ 1

n o
r

1

m
Re

zq00ðzÞ

q0ðzÞ
þ 1

� �
;

z 2 U , z 2 @U and mZnZ1. In particular, we write C01½O; q� as C
0½O; q�.

Theorem 1.1 (Miller and Mocanu [17, Theorem 2.3b, p. 28]). Let c 2 Cn½O; q� with

q(0)=a. If the analytic function pðzÞ ¼ aþ anzn þ anþ1znþ1 þ � � � satisfies

cðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ 2 O;

then pðzÞ!qðzÞ.

Theorem 1.2 (Miller and Mocanu [18, Theorem 1, p. 818]). Let c 2 C0n½O; q� with q(0)=a.

If p 2 QðaÞ and cðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ is univalent in U, then

O � fcðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ : z 2 Ug

implies qðzÞ!pðzÞ.

In the present investigation, the differential subordination result of Miller and Mocanu
[17, Theorem 2.3b, p. 28] is extended for functions associated with the Dziok–Srivastava
linear operator Hn

l,m, and we obtain certain other related results. A similar problem for
analytic functions was studied by Aghalary et al. [1]. See [2–9,14] for related works.
Additionally, the corresponding differential superordination problem is investigated, and
several sandwich-type results are obtained.

2. Subordination results involving the Dziok–Srivastava linear operator

We define the following class of admissible functions that will be required in our first
result.

Definition 2.1. Let O be a set in C and q 2 Q0 \H½0; p�. The class of admissible functions
FH ½O; q� consists of those functions f : C3

�U-C that satisfy the admissibility condition

fðu; v;w; zÞ =2O;

R.M. Ali et al. / Journal of the Franklin Institute 347 (2010) 1762–17811764
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whenever

u ¼ qðzÞ; v ¼
kzq0ðzÞ þ ða1�nÞqðzÞ

a1
ða1 2 C; a1a0;�1Þ;

Re
a1ða1 þ 1Þwþ ðn�a1Þða1�nþ 1Þu

a1vþ ðn�a1Þu
�ð2ða1�nÞ þ 1Þ

� �
ZkRe

zq00ðzÞ
q0ðzÞ

þ 1

� �
;

z 2 U , z 2 @U\EðqÞ and kZn.

Theorem 2.1. Let f 2 FH ½O; q�. If f 2 An satisfies

ffðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ : z 2 Ug � O; ð2:1Þ

then

Hl;m
n ½a1�f ðzÞ!qðzÞ; ðz 2 UÞ:

Proof. Define the analytic function p in U by

pðzÞ :¼ Hl;m
n ½a1�f ðzÞ: ð2:2Þ

In view of the relation

a1Hl;m
n ½a1 þ 1�f ðzÞ ¼ z½Hl;m

n ½a1�f ðzÞ�
0 þ ða1�nÞHl;m

n ½a1�f ðzÞ; ð2:3Þ

from Eq. (2.2), we get

Hl;m
n ½a1 þ 1�f ðzÞ ¼

zp0ðzÞ þ ða1�nÞpðzÞ

a1
: ð2:4Þ

Further computations show that

Hl;m
n ½a1 þ 2�f ðzÞ ¼

z2p00ðzÞ þ 2ða1�nþ 1Þzp0ðzÞ þ ða1�nÞða1�nþ 1ÞpðzÞ

a1ða1 þ 1Þ
: ð2:5Þ

Define the transformations from C3 to C by

u ¼ r; v ¼
sþ ða1�nÞr

a1
; w ¼

tþ 2ða1�nþ 1Þsþ ða1�pÞða1�nþ 1Þr

a1ða1 þ 1Þ
: ð2:6Þ

Let

cðr; s; t; zÞ ¼ fðu; v;w; zÞ

¼ f r;
sþ ða1�nÞr

a1
;
tþ 2ða1�nþ 1Þsþ ða1�nÞða1�nþ 1Þr

a1ða1 þ 1Þ
; z

� �
: ð2:7Þ

The proof shall make use of Theorem 1.1. Using Eqs. (2.2), (2.4) and (2.5), from Eq. (2.7),
we obtain

cðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ ¼ fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ: ð2:8Þ

Hence Eq. (2.1) becomes

cðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ 2 O:

R.M. Ali et al. / Journal of the Franklin Institute 347 (2010) 1762–1781 1765
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The proof is completed if it can be shown that the admissibility condition for f 2 FH ½O; q�
is equivalent to the admissibility condition for c as given in Definition 1.2. Note that

t

s
þ 1 ¼

a1ða1 þ 1Þwþ ðn�a1Þða1�nþ 1Þu

a1vþ ðn�a1Þu
�ð2ða1�nÞ þ 1Þ;

and hence c 2 Cn½O; q�. By Theorem 1.1, pðzÞ!qðzÞ or

Hl;m
n ½a1�f ðzÞ!qðzÞ: &

If OaC is a simply connected domain, then O ¼ hðUÞ for some conformal mapping h(z)
of U onto O. In this case the class FH ½hðUÞ; q� is written as FH ½h; q�. The following result is
an immediate consequence of Theorem 2.1.

Theorem 2.2. Let f 2 FH ½h; q�. If f 2 An satisfies

fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ!hðzÞ; ð2:9Þ

then

Hl;m
n ½a1�f ðzÞ!qðzÞ:

Our next result is an extension of Theorem 2.1 to the case where the behavior of q on @U

is not known.

Corollary 2.1. Let O � C, q be univalent in U and q(0)=0. Let f 2 FH ½O; qr� for some

r 2 ð0; 1Þ where qrðzÞ ¼ qðrzÞ. If f 2 An and

fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ 2 O;

then

Hl;m
n ½a1�f ðzÞ!qðzÞ:

Proof. Theorem 2.1 yields Hl;m
n ½a1�f ðzÞ!qrðzÞ. The result is now deduced from

qrðzÞ!qðzÞ. &

Theorem 2.3. Let h and q be univalent in U, with q(0)=0 and set qrðzÞ ¼ qðrzÞ and

hrðzÞ ¼ hðrzÞ. Let f : C3
�U-C satisfy one of the following conditions:

1. f 2 FH ½h; qr�, for some r 2 ð0; 1Þ, or

2. there exists r0 2 ð0; 1Þ such that f 2 FH ½hr; qr�, for all r 2 ðr0; 1Þ.

If f 2 An satisfies Eq. (2.9), then

Hl;m
n ½a1�f ðzÞ!qðzÞ:

Proof. The result is similar to the proof of [17, Theorem 2.3d, p. 30] and is therefore
omitted. &

The next theorem yields the best dominant of the differential subordination (2.9).

R.M. Ali et al. / Journal of the Franklin Institute 347 (2010) 1762–17811766
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Theorem 2.4. Let h be univalent in U. Let f : C3
�U-C and c be given by Eq. (2.7).

Suppose that the differential equation

cðqðzÞ; zq0ðzÞ; z2q00ðzÞ; zÞ ¼ hðzÞ ð2:10Þ

has a solution q with q(0)=0 and satisfy one of the following conditions:

1. q 2 Q0 and f 2 FH ½h; q�,
2. q is univalent in U and f 2 FH ½h; qr� for some r 2 ð0; 1Þ, or

3. q is univalent in U and there exists r0 2 ð0; 1Þ such that f 2 FH ½hr; qr� for all r 2 ðr0; 1Þ.

If f 2 An satisfies Eq. (2.9), then

Hl;m
n ½a1�f ðzÞ!qðzÞ;

and q is the best dominant.

Proof. Following the same arguments in [17, Theorem 2.3e, p. 31], we deduce that q is a
dominant from Theorems 2.2 and 2.3. Since q satisfies Eq. (2.10) it is also a solution of
Eq. (2.9) and therefore q will be dominated by all dominants. Hence q is the best
dominant. &

In the particular case q(z)=Mz, M40, and in view of Definition 2.1, the class of
admissible functions FH ½O; q�, denoted by FH ½O;M�, is described below.

Definition 2.2. Let O be a set in C and M40. The class of admissible functions FH ½O;M�
consists of those functions f : C3

�U-C such that

f Meiy;
k þ a1�n

a1
Meiy;

Lþ ða1�nþ 1Þð2k þ a1�nÞMeiy

a1ða1 þ 1Þ
; z

� �
=2O; ð2:11Þ

whenever z 2 U ; y 2 R, ReðLe�iyÞZðk�1ÞkM for all real y, a1 2 Cða1a0;�1Þ and kZn.

Corollary 2.2. Let f 2 FH ½O;M�. If f 2 An satisfies

fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ 2 O;

then

jHl;m
n ½a1�f ðzÞjoM:

In the special case O ¼ qðUÞ ¼ fo : jojoMg, the class FH ½O;M� is simply denoted by
FH ½M�.

Corollary 2.3. Let f 2 FH ½M�. If f 2 An satisfies

jfðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞjoM;
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then

jHl;m
n ½a1�f ðzÞjoM :

Corollary 2.4. If Re a1Z0 and f 2 An satisfies

jHl;m
n ½a1 þ 1�f ðzÞjoM ;

then

jHl;m
n ½a1�f ðzÞjoM :

Proof. This follows from Corollary 2.3 by taking fðu; v;w; zÞ ¼ v. &

Remark 2.1. When O ¼ U and M=1, Corollary 2.2 reduces to [1, Theorem 1, p. 269].
When O ¼ U , n=1, l=2, m=1, a1 ¼ aþ 1; a2 ¼ 1ða4�1Þ, b1 ¼ 1 and M=1, Corollary
2.2 reduces to [14, Theorem 1, p. 230]. When M=1, Corollary 2.4 is the same as [1,
Corollary 3, p. 271]

Corollary 2.5. Let M40 and 0aa1 2 C. If f 2 An satisfies

jHl;m
n ½a1 þ 1�f ðzÞ þ

n

a1
�1

� �
Hl;m

n ½a1�f ðzÞjo
Mn

ja1j
; then jHl;m

n ½a1�f ðzÞjoM : ð2:12Þ

Proof. Let fðu; v;w; zÞ ¼ vþ ðn=a1�1Þu and O ¼ hðUÞ where hðzÞ ¼M=a1z, M40. To use
Corollary 2.2, we need to show that f 2 FH ½O;M�, that is, the admissibility condition
(2.11) is satisfied. This follows since

f Meiy;
k þ a1�n

a1
Meiy;

Lþ ða1�nþ 1Þð2k þ a1�nÞMeiy

a1ða1 þ 1Þ
; z

� �����
���� ¼ kM

ja1j
Z

Mn

ja1j
;

z 2 U , y 2 R, a1 2 Cða1a0;�1Þ and kZn. Hence by Corollary 2.2, we deduce the required
result. &

We can use Theorem 2.4 to present a different proof of Corollary 2.5, and to also show
that the result is sharp. The differential equation

zq0ðzÞ þ
n

a1
�1

� �
qðzÞ ¼

Mn

a1
z

has a univalent solution q(z)=Mz. By using Theorem 2.4, we see that q(z)=Mz is the best
dominant of Eq. (2.12).
Note that

H ð2;1Þn ð1; 1; 1Þf ðzÞ ¼ f ðzÞ;

H ð2;1Þn ð2; 1; 1Þf ðzÞ ¼ zf 0ðzÞ þ ð1�nÞf ðzÞ;

H ð2;1Þn ð3; 1; 1Þf ðzÞ ¼ 1
2
½z2f 00ðzÞ þ 2ð2�nÞzf 0ðzÞ þ ð1�nÞð2�nÞf ðzÞ�:
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By taking l=2, m=1, a1 ¼ a2 ¼ b1 ¼ 1, Eq. (2.12) shows that for f 2 An, whenever

zf 0ðzÞ þ n
1�a1
a1

� �
f ðzÞ!

Mz

ja1j
; then f ðzÞ!Mz:

Definition 2.3. Let O be a set in C and q 2 Q0 \H0. The class of admissible functions
FH;1½O; q� consists of those functions f : C3

�U-C satisfying the admissibility
condition

fðu; v;w; zÞ =2 O;

whenever

u ¼ qðzÞ; v ¼ ½kzq0ðzÞ þ ða1�1ÞqðzÞ�=a1 ða1 2 C; a1a0;�1Þ;

Re
a1½ða1 þ 1Þwþ ð1�a1Þu�

va1 þ ð1�a1Þu
þ 1�2a1

� �
ZkRe

zq00ðzÞ
q0ðzÞ

þ 1

� �
;

z 2 U , z 2 @U\EðqÞ and kZ1.

Theorem 2.5. Let f 2 FH ;1½O; q�. If f 2 An satisfies

f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �
: z 2 U

� �
� O; ð2:13Þ

then

Hl;m
n ½a1�f ðzÞ

zn�1
!qðzÞ:

Proof. Define the analytic function p in U by

pðzÞ :¼
Hl;m

n ½a1�f ðzÞ
zn�1

: ð2:14Þ

By making use of Eqs. (2.3) and (2.14), we get

Hl;m
n ½a1 þ 1�f ðzÞ

zn�1
¼

1

a1
ðzp0ðzÞ þ ða1�1ÞpðzÞÞ: ð2:15Þ

Further computations show that

Hl;m
n ½a1 þ 2�f ðzÞ

zn�1
¼

1

a1ða1 þ 1Þ
ðz2p00ðzÞ þ 2a1zp0ðzÞ þ a1ða1�1ÞpðzÞÞ: ð2:16Þ

Define the transformations from C3 to C by

u ¼ r; v ¼
sþ ða1�1Þr

a1
; w ¼

tþ 2a1sþ a1ða1�1Þr
a1ða1 þ 1Þ

: ð2:17Þ

Let

cðr; s; t; zÞ ¼ fðu; v;w; zÞ ¼ f r;
sþ ða1�1Þr

a1
;
tþ 2a1sþ a1ða1�1Þr

a1ða1 þ 1Þ
; z

� �
: ð2:18Þ
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The proof shall make use of Theorem 1.1. Using Eqs. (2.14)–(2.16), from Eq. (2.18), we
obtain

cðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ ¼ f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �
:

ð2:19Þ

Hence Eq. (2.13) becomes

cðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ 2 O:

The proof is completed if it can be shown that the admissibility condition for f 2
FH;1½O; q� is equivalent to the admissibility condition for c as given in Definition 1.2. Note
that

t

s
þ 1 ¼

a1½ða1 þ 1Þwþ ð1�a1Þu�
va1 þ ð1�a1Þu

þ 1�2a1;

and hence c 2 C½O; q�. By Theorem 1.1, pðzÞ!qðzÞ or

Hl;m
n ½a1�f ðzÞ

zn�1
!qðzÞ: &

If OaC is a simply connected domain, then O ¼ hðUÞ for some conformal mapping h(z)
of U onto O. In this case the class FH ;1½hðUÞ; q� is written as FH;1½h; q�. In the particular
case q(z)=Mz, M40, the class of admissible functions FH;1½O; q� is denoted by FH;1½O;M�.
Proceeding similarly as in the previous section, the following result is an immediate
consequence of Theorem 2.5.

Theorem 2.6. Let f 2 FH;1½h; q�. If f 2 An satisfies

f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �
!hðzÞ; ð2:20Þ

then

Hl;m
n ½a1�f ðzÞ

zn�1
!qðzÞ:

Definition 2.4. Let O be a set in C and M40. The class of admissible functions FH;1½O;M�
consists of those functions f : C3

�U-C such that

f Meiy;
k þ a1�1

a1
Meiy;

Lþ a1ð2k þ a1�1ÞMeiy

a1ða1 þ 1Þ
; z

� �
=2O; ð2:21Þ

whenever z 2 U ; y 2 R, ReðLe�iyÞZðk�1ÞkM for all real y, a1 2 C ða1a0;�1Þ and kZ1.

Corollary 2.6. Let f 2 FH;1½O;M�. If f 2 An satisfies

f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �
2 O;
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then

Hl;m
n ½a1�f ðzÞ

zn�1

����
����oM :

In the special case O ¼ qðUÞ ¼ fo : jojoMg, the class FH;1½O;M� is simply denoted by
FH;1½M�.

Corollary 2.7. Let f 2 FH;1½M�. If f 2 An satisfies

f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �����
����oM;

then

Hl;m
n ½a1�f ðzÞ

zn�1

����
����oM :

Corollary 2.8. If Re a1Z0 and f 2 An satisfies

Hl;m
n ½a1 þ 1�f ðzÞ

zn�1

����
����oM ;

then

Hl;m
n ½a1�f ðzÞ

zn�1

����
����oM :

Proof. This follows from Corollary 2.7 by taking fðu; v;w; zÞ ¼ v. &

Remark 2.2. When O ¼ U , n=1, l=2, m=1, a1 ¼ aþ 1; a2 ¼ 1ða4�1Þ, b1 ¼ 1 and
M=1, Corollary 2.6 reduces to [14, Theorem 1, p. 230]. When n=1, l=2, m=1,
a1 ¼ aþ 1; a2 ¼ 1ða4�1Þ, b1 ¼ 1 and M=1, Corollary 2.8 is the same as [14, Corollary 1,
p. 231].

Example 2.1. If dZ0 and f 2 A satisfies

d
zf 00ðzÞ

f 0ðzÞ
þ 1

� �
þ ð1�dÞ

zf 0ðzÞ

f ðzÞ

����
����o1; then jf ðzÞjo1: ð2:22Þ

Proof. Let fðu; v;w; zÞ ¼ dð2w=v�1Þ þ ð1�dÞv=u for all real dZ0, n=1, l=2, m=1,
a1 ¼ 1; a2 ¼ 1, b1 ¼ 1, M=1 and O ¼ hðUÞ where h(z)=z. To use Corollary 2.6, we need
to show that f 2 FH;1½O;M� � FH;1½U �, that is, the admissibility condition (2.21) is
satisfied. This follows since

f Meiy;
k þ a1�1

a1
Meiy;

Lþ a1ð2k þ a1�1ÞMeiy

a1ða1 þ 1Þ
; z

� �����
����

¼ d
Le�iy

k
þ 1

� �
þ ð1�dÞk

����
����Zdþ ð1�dÞk þ

d
k
ReðLe�iyÞ

Zdþ ð1�dÞk þ
d
k

kðk�1Þ ¼ kZ1;

R.M. Ali et al. / Journal of the Franklin Institute 347 (2010) 1762–1781 1771



Author's personal copy

z 2 U ; y 2 R, ReðLe�iyÞZkðk�1Þ and kZ1. Hence by Corollary 2.6, we deduce the
required result. &

Definition 2.5. Let O be a set in C and q 2 Q1 \H. The class of admissible functions
FH;2½O; q� consists of those functions f : C3

�U-C satisfying the admissibility condition

fðu; v;w; zÞ =2O;

whenever

u ¼ qðzÞ; v ¼
1

a1 þ 1
1þ a1qðzÞ þ

kzq0ðzÞ
qðzÞ

� �
ða1 2 C; a1a0;�1;�2; qðzÞa0Þ;

Re
½ða1 þ 1Þðw�vÞ þ w�1�ð1þ a1Þv

ð1þ a1Þv�ð1þ a1uÞ
þ ð1þ a1Þv�ð2a1uþ 1Þ

� �
ZkRe

zq00ðzÞ
q0ðzÞ

þ 1

� �
;

z 2 U , z 2 @U\EðqÞ and kZ1.

Theorem 2.7. Let f 2 FH;2½O; q�. If f 2 An satisfies

f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !
: z 2 U

( )
� O; ð2:23Þ

then

Hl;m
n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

!qðzÞ:

Proof. Define the analytic function p in U by

pðzÞ :¼
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

: ð2:24Þ

Using Eq. (2.24), we get

zp0ðzÞ

pðzÞ
:¼

z½Hl;m
n ½a1 þ 1�f ðzÞ�0

Hl;m
n ½a1 þ 1�f ðzÞ

�
z½Hl;m

n ½a1�f ðzÞ�
0

Hl;m
n ½a1�f ðzÞ

: ð2:25Þ

By making use of Eq. (2.3) in Eq. (2.25), we get

Hl;m
n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

¼
1

a1 þ 1
a1pðzÞ þ 1þ

zp0ðzÞ

pðzÞ

� �
: ð2:26Þ
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Further computations show that

Hl;m
n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

¼
1

a1 þ 2
2þ a1pðzÞ þ

zp0ðzÞ

pðzÞ
þ

a1zp0ðzÞ þ
zp0ðzÞ

pðzÞ
�

zp0ðzÞ

pðzÞ

� �2

þ
z2p00ðzÞ

pðzÞ

1þ a1pðzÞ þ
zp0ðzÞ

pðzÞ

0
BBB@

1
CCCA:
ð2:27Þ

Define the transformations from C3 to C by

u ¼ r; v ¼
1

a1 þ 1
1þ a1rþ

s

r

� �
;

w ¼
1

a1 þ 2
2þ a1rþ

s

r
þ

a1sþ
s

r
�

s

r

� �2
þ

t

r

1þ a1rþ
s

r

0
B@

1
CA: ð2:28Þ

Let

cðr; s; t; zÞ :¼ fðu; v;w; zÞ

¼ f r;
1

a1 þ 1
a1rþ 1þ

s

r

h i
;

1

a1 þ 2
2þ a1rþ

s

r
þ

a1sþ
s

r
�

s

r

� �2
þ

t

r

1þ a1rþ
s

r

0
B@

1
CA; z

0
B@

1
CA:
ð2:29Þ

The proof shall make use of Theorem 1.1. Using Eqs. (2.24), (2.26) and (2.27), from Eqs.
(2.29), we obtain

cðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ ¼ f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !
:

ð2:30Þ

Hence Eq. (2.23) becomes

cðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ 2 O:

The proof is completed if it can be shown that the admissibility condition for f 2
FH;2½O; q� is equivalent to the admissibility condition for c as given in Definition 1.2. Note
that

t

s
þ 1 ¼

½ða1 þ 1Þðw�vÞ þ w�1�ð1þ a1Þv
ð1þ a1Þv�ð1þ a1uÞ

þ ð1þ a1Þv�ð2a1uþ 1Þ;

and hence c 2 C½O; q�. By Theorem 1.1, pðzÞ!qðzÞ or

Hl;m
n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

!qðzÞ: &

If OaC is a simply connected domain, then O ¼ hðUÞ for some conformal mapping h(z)
of U onto O. In this case the class FH;2½hðUÞ; q� is written as FH ;2½h; q�. In the particular
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case q(z)=1þMz, M40, the class of admissible functions FH;2½O; q� is denoted by
FH;2½O;M�. The following result is an immediate consequence of Theorem 2.7.

Theorem 2.8. Let f 2 FH;2½h; q�. If f 2 An satisfies

f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !
!hðzÞ; ð2:31Þ

then

Hl;m
n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

!qðzÞ:

Definition 2.6. Let O be a set in C and M40. The class of admissible functions FH;2½O;M�
consists of those functions f : C3

�U-C such that

f 1þMeiy; 1þ
k þ a1ð1þMeiyÞ

ð1þ a1Þð1þMeiyÞ
Meiy; 1þ

a1ð1þMeiyÞ þ k

ða1 þ 2Þð1þMeiyÞ
Meiy

�

þ
ðM þ e�iyÞ½Le�iy þ kMða1 þ 1Þ þ a1kM2eiy��k2M2

ða1 þ 2ÞðM þ e�iyÞ½a1M2eiy þ ð1þ a1Þe�iy þMð1þ 2a1 þ kÞ�
; z

�
=2O; ð2:32Þ

whenever z 2 U ; y 2 R, ReðLe�iyÞZðk�1ÞkM for all real y, a1 2 Cða1a0;�1;�2Þ and kZ1.

Corollary 2.9. Let f 2 FH;2½O;M�. If f 2 An satisfies

f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !
2 O;

then

Hl;m
n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

�1

����
����oM:

In the special case O ¼ qðUÞ ¼ fo : jo�1joMg, the class FH ;2½O;M� is simply denoted
by FH;2½M�.

Corollary 2.10. Let f 2 FH;2½M�. If f 2 An satisfies

f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !
�1

�����
�����oM ;

then

Hl;m
n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

�1

����
����oM:

Corollary 2.11. If M40, a1 2 Cða1a0;�1Þ and f 2 An satisfies

Hl;m
n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

�
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

����
����o M2

j1þ a1jð1þMÞ
; ð2:33Þ
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then

Hl;m
n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

�1

����
����oM :

Proof. This follows from Corollary 2.9 by taking fðu; v;w; zÞ ¼ v�u and O ¼ hðUÞ where
hðzÞ ¼ ðM2=j1þ a1jð1þMÞÞz. To use Corollary 2.9 we need to show that f 2 FH ;2½O;M�,
that is, the admissibility condition (2.32) is satisfied. This follows since

jfðu; v;w; zÞj ¼ �1�Meiy þ 1þ
k þ a1ð1þMeiyÞ

ð1þ a1Þð1þMeiyÞ
Meiy

����
���� ¼ M

j1þ a1j
k�1�Meiy

1þMeiy

����
����

Z
M

j1þ a1j
k�1�M

1þM

����
����Z M

j1þ a1j
1

1þM
�1

����
���� ¼ M2

j1þ a1jð1þMÞ
;

z 2 U , y 2 R, a1 2 C ða1a0;�1Þ, ka1þM and kZ1. Hence by Corollary 2.9, we deduce
the required result. &

By taking l=2, m=1, a1 ¼ a2 ¼ b1 ¼ 1, Eq. (2.33) shows that for f 2 An, whenever

zf 0ðzÞ

f ðzÞ

zf 00ðzÞ

f 0ðzÞ
�2

zf 0ðzÞ

f ðzÞ
þ n

	 

zf 0ðzÞ

f ðzÞ
�nþ 1

!�nþ
M2

1þM
z then

zf 0ðzÞ

f ðzÞ
!Mzþ n:

Example 2.2. If f 2 A, then
zf 0ðzÞ

f ðzÞ

zf 00ðzÞ

f 0ðzÞ
þ 1�

zf 0ðzÞ

f ðzÞ

� �����
����o1)

zf 0ðzÞ

f ðzÞ
�1

����
����o1: ð2:34Þ

Proof. This follows from Corollary 2.9 by taking fðu; v;w; zÞ ¼ uð2v�1�uÞ, n=1, l=2,
m=1, a1 ¼ 1; a2 ¼ 1, b1 ¼ 1, M=1 and O ¼ hðUÞ where h(z)=z. &

Example 2.3. If M40 and f 2 A satisfies

zf 00ðzÞ

f 0ðzÞ
þ 1

zf 0ðzÞ

f ðzÞ

�1

��������

��������
oM ; ð2:35Þ

then

zf 0ðzÞ

f ðzÞ
�1

����
����oM : ð2:36Þ

Proof. This follows from Corollary 2.10 by taking fðu; v;w; zÞ ¼ ð2v�1Þ=u, n=1, l=2,
m=1, a1 ¼ 1; a2 ¼ 1 and b1 ¼ 1. &
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3. Superordination of the Dziok–Srivastava linear operator

The dual problem of differential subordination, that is, differential superordination of
the Dziok–Srivastava linear operator is investigated in this section. For this purpose the
class of admissible functions is given in the following definition.

Definition 3.1. Let O be a set in C and q 2 H½0; p� with zq0ðzÞa0. The class of admissible
functions F0H ½O; q� consists of those functions f : C

3
�U-C that satisfy the admissibility

condition

fðu; v;w; zÞ 2 O;

whenever

u ¼ qðzÞ; v ¼
zq0ðzÞ þmða1�pÞqðzÞ

ma1
ða1 2 C; a1a0;�1Þ;

Re
a1ða1 þ 1Þwþ ðn�a1Þða1�nþ 1Þu

a1vþ ðn�a1Þu
�½2ðn�a1Þ þ 1�

� �
r

1

m
Re

zq00ðzÞ

q0ðzÞ
þ 1

� �
;

z 2 U , z 2 @U and mZn.

Theorem 3.1. Let f 2 F0H ½O; q�. If f 2 An, Hl;m
n ½a1�f 2 Q0 and

fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ

is univalent in U, then

O � ffðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ : z 2 Ug ð3:1Þ

implies

qðzÞ!Hl;m
n ½a1�f ðzÞ:

Proof. From (2.8) and (3.1), we have

O � fcðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ : z 2 Ug:

From (2.6), we see that the admissibility condition for f 2 F0H ½O; q� is equivalent to the
admissibility condition for c as given in Definition 1.3. Hence c 2 C0n½O; q�, and by
Theorem 1.2, qðzÞ!pðzÞ or

qðzÞ!Hl;m
n ½a1�f ðzÞ: &

If OaC is a simply connected domain, then O ¼ hðUÞ for some conformal mapping h(z)
of U onto O. In this case the class F0H ½hðUÞ; q� is written as F0H ½h; q�. Proceeding similarly as
in the previous section, the following result is an immediate consequence of Theorem 3.1.

Theorem 3.2. Let h be analytic in U and f 2 F0H ½h; q�. If f 2 An, Hl;m
n ½a1�f ðzÞ 2 Q0 and

fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ is univalent in U, then

hðzÞ!fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ ð3:2Þ
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implies

qðzÞ!Hl;m
n ½a1�f ðzÞ:

Theorems 3.1 and 3.2 can only be used to obtain subordinants of differential
superordination of the form (3.1) or (3.2). The following theorem proves the existence
of the best subordinant of (3.2) for certain f.

Theorem 3.3. Let h be analytic in U and f : C3
�U-C and c be given by Eq. (2.7).

Suppose that the differential equation

cðqðzÞ; zq0ðzÞ; z2q00ðzÞ; zÞ ¼ hðzÞ

has a solution q 2 Q0. If f 2 F0H ½h; q�, f 2 An, Hl;m
n ½a1�f ðzÞ 2 Q0 and

fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ

is univalent in U, then

hðzÞ!fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ

implies

qðzÞ!Hl;m
n ½a1�f ðzÞ

and q(z) is the best subordinant.

Proof. The result is similar to the proof of Theorem 2.4 and is therefore omitted. &

Combining Theorems 2.2 and 3.2, we obtain the following sandwich-type theorem.

Corollary 3.1. Let h1 and q1 be analytic functions in U, h2 be univalent function in U, q2 2 Q0

with q1(0)=q2(0)=0 and f 2 FH ½h2; q2� \ F0H ½h1; q1�. If f 2 An, Hl;m
n ½a1�f ðzÞ 2 H½0; p� \Q0

and

fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ

is univalent in U, then

h1ðzÞ!fðHl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 1�f ðzÞ;Hl;m

n ½a1 þ 2�f ðzÞ; zÞ!h2ðzÞ;

implies

q1ðzÞ!Hl;m
n ½a1�f ðzÞ!q2ðzÞ:

Definition 3.2. Let O be a set in C and q 2 H0 with zq0ðzÞa0. The class of admissible
functions F0H;1½O; q� consists of those functions f : C3

�U-C that satisfy the
admissibility condition

fðu; v;w; zÞ 2 O; ð3:3Þ

whenever

u ¼ qðzÞ; v ¼
zq0ðzÞ þmða1�1ÞqðzÞ

ma1
ða1 2 C; a1a0;�1Þ;
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Re
a1½ða1 þ 1Þwþ ð1�a1Þu�

a1vþ ð1�a1Þu
þ ð1�2a1Þ

� �
r

1

m
Re

zq00ðzÞ

q0ðzÞ
þ 1

� �
;

z 2 U , z 2 @U and mZ1.

Next we will give the dual result of Theorem 2.5 for differential superordination.

Theorem 3.4. Let f 2 F0H;1½O; q�. If f 2 An, Hl;m
n ½a1�f ðzÞ=zn�1 2 Q0 and

f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �

is univalent in U, then

O � f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �
: z 2 U

� �
ð3:4Þ

implies

qðzÞ!
Hl;m

n ½a1�f ðzÞ
zn�1

:

Proof. From (2.19) and (3.4), we have

O � ffðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ : z 2 Ug:

From (2.17), we see that the admissibility condition for f 2 F0H;1½O; q� is equivalent to the
admissibility condition for c as given in Definition 1.3. Hence c 2 C0½O; q�, and by
Theorem 1.2, qðzÞ!pðzÞ or

qðzÞ!Hl;m
n ½a1�f ðzÞ: &

If OaC is a simply connected domain, then O ¼ hðUÞ for some conformal mapping h(z)
of U onto O. In this case the class F0H;1½hðUÞ; q� is written as F0H;1½h; q�. The following result
is an immediate consequence of Theorem 3.4.

Theorem 3.5. Let q 2 H0, h is analytic on U and f 2 F0H;1½h; q�. If f 2 An,

Hl;m
n ½a1�f ðzÞ=zn�1 2 Q0 and fðHl;m

n ½a1�f ðzÞ=zn�1;Hl;m
n ½a1 þ 1�f ðzÞ=zn�1;Hl;m

n ½a1 þ
2�f ðzÞ=zn�1; zÞ is univalent in U, then

hðzÞ!f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �
ð3:5Þ

implies

qðzÞ!
Hl;m

n ½a1�f ðzÞ
zn�1

:

Combining Theorems 2.6 and 3.5, we obtain the following sandwich-type theorem.

Corollary 3.2. Let h1 and q1 be analytic functions in U, h2 be univalent function in U, q2 2 Q0

with q1(0)=q2(0)=0 and f 2 FH;1½h2; q2� \ F0H;1½h1; q1�. If f 2 An, Hl;m
n ½a1�f ðzÞ=zn�1 2 H0 \
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Q0 and

f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �

is univalent in U, then

h1ðzÞ!f
Hl;m

n ½a1�f ðzÞ
zn�1

;
Hl;m

n ½a1 þ 1�f ðzÞ

zn�1
;
Hl;m

n ½a1 þ 2�f ðzÞ

zn�1
; z

� �
!h2ðzÞ;

implies

q1ðzÞ!
Hl;m

n ½a1�f ðzÞ
zn�1

!q2ðzÞ:

Definition 3.3. Let O be a set in C, qðzÞa0, zq0ðzÞa0 and q 2 H. The class of admissible
functions F0H;2½O; q� consists of those functions f : C3

�U-C that satisfy the
admissibility condition

fðu; v;w; zÞ 2 O;

whenever

u ¼ qðzÞ; v ¼
1

a1 þ 1
1þ a1qðzÞ þ

zq0ðzÞ

mqðzÞ

� �
ða1 2 C; a1a0;�1;�2Þ;

Re
½ða1 þ 1Þðw�vÞ þ w�1�ð1þ a1Þv

ð1þ a1Þv�ð1þ a1uÞ
þ ð1þ a1Þv�ð2a1uþ 1Þ

� �
r

1

m
Re

zq00ðzÞ

q0ðzÞ
þ 1

� �
;

z 2 U , z 2 @U and mZ1.

Now we will give the dual result of Theorem 2.7 for differential superordination.

Theorem 3.6. Let f 2 F0H ;2½O; q�. If f 2 An, Hl;m
n ½a1 þ 1�f ðzÞ=Hl;m

n ½a1�f ðzÞ 2 Q1 and

f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !

is univalent in U, then

O � f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !
: z 2 U

( )
ð3:6Þ

implies

qðzÞ!
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

:

Proof. From (2.30) and (3.6), we have

O � ffðpðzÞ; zp0ðzÞ; z2p00ðzÞ; zÞ : z 2 Ug:
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In view of (2.28), the admissibility condition for f 2 F0H;2½O; q� is equivalent to the
admissibility condition for c as given in Definition 1.3. Hence c 2 C0½O; q�, and by
Theorem 1.2, qðzÞ!pðzÞ or

qðzÞ!
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

: &

If OaC is a simply connected domain, then O ¼ hðUÞ for some conformal mapping h(z) of
U onto O. In this case the class F0H ;2½hðUÞ; q� is written as F0H;2½h; q�. Proceeding similarly as in
the previous section, the following result is an immediate consequence of Theorem 3.6.

Theorem 3.7. Let q 2 H, h be analytic in U and f 2 F0H ;2½h; q�. If f 2 An, Hl;m
n ½a1 þ

1�f ðzÞ=Hl;m
n ½a1�f ðzÞ 2 Q1 and fðHl;m

n ½a1 þ 1�f ðzÞ=Hl;m
n ½a1�f ðzÞ;H

l;m
n ½a1 þ 2�f ðzÞ=Hl;m

n ½a1 þ
1�f ðzÞ;Hl;m

n ½a1 þ 3�f ðzÞ=Hl;m
n ½a1 þ 2�f ðzÞ; zÞ is univalent in U, then

hðzÞ!f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !
ð3:7Þ

implies

qðzÞ!
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

:

Combining Theorems 2.8 and 3.7 we obtain the following sandwich-type theorem.

Corollary 3.3. Let h1 and q1 be analytic functions in U, h2 be univalent function in U, q2 2 Q1

with q1(0)=q2(0)=1 and f 2 FH;2½h2; q2� \ F0H;2½h1; q1�. If f 2 An, Hl;m
n ½a1 þ

1�f ðzÞ=Hl;m
n ½a1�f ðzÞ 2 H \Q1 and

f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !

is univalent in U, then

h1ðzÞ!f
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

;
Hl;m

n ½a1 þ 2�f ðzÞ

Hl;m
n ½a1 þ 1�f ðzÞ

;
Hl;m

n ½a1 þ 3�f ðzÞ

Hl;m
n ½a1 þ 2�f ðzÞ

; z

 !
!h2ðzÞ;

implies

q1ðzÞ!
Hl;m

n ½a1 þ 1�f ðzÞ

Hl;m
n ½a1�f ðzÞ

!q2ðzÞ:
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